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1. Introduction 

Let n+ be the upper half-plane and (11+) be the space of all holomorphic 
functions on the 11+. The Hardy spaces i/^(H+) consists of all / G /7(H+) such 
that 

r"00 



/OO 
\f{x + iy)\^dx < 00 
■00 



y>0 J -00 
where y = Imz. 

The Bloch space Boo(Jl+) consists of all of / G //(H+) such that 

B{f) = sup Imzlf'^z)] < 00. 

zeu+ 

A natural norm on the Bloch space can be introduced as follows 

ll/llL(n+) = 1/(^)1 + 

With this norm the -Boo(n+) becomes a Banach space. 

For / G i^f(H+),fix xq G H+ the integral-type operators Jg and Ig are defined 

by 

JJiz)= r f{C)g'iC)dC,zEU^ (1) 
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r n09(0dC,zeU+ (2) 

J zo 

where g G i7(n+). 

The boundedness and compactness of Jg and Ig have been introduced on the 
unit dick in[l,8,10,ll,20].The operators Jg and Ig, as well as their n-dimensional 
generalizations, acting on various spaces of analytic functions, have been recently 
studied,for example, in[2-7,9,19]. 

The importance of the operators Jg and Ig comes from that 

Jgf + Igf = Mgf - fiZ0)giZ0) 

where the multiplication operator Mg is defined by {Mgf){z) — g{z)f{z). 

Let X and Y be topological vector spaces whose topologies are given by 
translation- invariant metrics dx and c?y, respectively.lt is said that a linear oper- 
ator r : X — > y is metrically bounded if there exists a positive constant K such 
that 

dY{Tf,0)<dx{f,0) 

for all / G X. When X and Y are Banach spaces, the metrically boundedness 
coincides with the boundedness of operators between Banach spaces. If we say 
that an operator is bounded we will regard that it is metrically bounded. Operator 
T : X — > y is said to be metrically compact if it takes every metric ball in X 
into a relatively compact set in Y. 

While there is a vast literature on composition and weighted composition 
operators between spaces of holomorphic functions on the unit disk,there are 
few papers on there operators on spaces of functions holomorphic on the upper 
half-plane(see, 12-18). In this paper ,we consider the metrically boundedness and 
compactness of (1),(2) acting from ff^(n+) to 3^(11+) on the upper half-plane. 

Throughout this paper, constants are denoted by C,they are positive and 
may differ from one occurrence to the other. The notion Ax B means that there 
is a positive constant C such that C~^B < A< CB . 

2. Auxiliary results 

Lemma l.Let L = Jg{Ig) and g G H^(n+). ThenL : H^{Il+) to B^{U+) 
is metrically compact if and only if for any bounded sequence {/njnec in H'^0^+) 
converging to zero on compact of n_|_, we have lim„^oo ll-^/n||-Boo(n+) = 0. 

The proof is standard which can be found in [14] and omitted here. 
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Lemma < p < oo and < o < 6. If / e H^{'n.+), then 



lim f{z)=0, 

Z-¥OOZeTa,b 



where — {z & 11+ : a < Imz < 6}. 
Lemma S^^^l. Let / e if^(n+) then 



|/(")(z)|<C ;''^;^";) ,n^0,l,2 (3) 
3. Main results 

Here we formulate and prove the main results of this paper. 

Theorem 1. Let g is holomorphic function of 11+ and g e H^{Jl+). Then 

(a) Jg : H^{U+) Boo(n+) is bounded if and only if 

Ml = sup {Imz)^g'{z)\ < oo. (4) 
zeu+ 

(b) Ig : H'^{Il+) i?oo(n+) is bounded if and only if 

M2 = sup i^iiL < 00. (5) 
zeu+ (Imz) 2 

Proof, (a) Assume that condition in(4) hold. Then 

\\Jgf\\B^{u+) = \Jgf{i)\+ sup Imz\f{z)g'{z)\ 

= I f f{09'(0dC\ + sup Imz\f{z)g'{z)\ 

J ZQ zen+ 

< ma^^ \f^Q\\g^i)-g^,^)\ 

ko|<ICI<i,Cen+ 

+ sup (Jm^)5|^'(^)|||/||j^2(n+). 

2en+ 



From / e //2(n+) and g e ii'°°(n+), it follows that Jg : H'^{Ii+) B^{Ii+) is 
bounded. 

Now assume that Jg : H'^{U.+) i?oo(n+) is bounded. Choose 

112 [^z — wy 

It is clear that fw e i7^(n+) and that ||/u;||if2(n+) = 1- Choose it; = 2, we obtain 

(/m2;)5|5'(2;)| 



C > \\Jgfw\\B^{n+) > sup Jmtt;|/^(w)5f'(u;)| = sup 



wen+ wen+ 4112 



Therefore we obtain (4). 

(b) Assume that condition in (5) hold. Then 



Igf\\B^{n+) 



/,/(z)|+sup Imz\f{z)giz)\ 



zen+ 




+ sup {Imzy2\g'{z)\\\f \\h2(u+)- 



Prom / e H\U+) and g e H'^(U+), it follows that Ig : H\U+) B^{U+) is 
bounded. 

Now assume that Ig : if^(n_,_) — )■ Soo(n+) is bounded. Choose (6) and let 
w = z, we obtain 

C > \\Igfw\\Boo(.u+) > sup Imw\f^{w)g{w)\ = sup —r- -r- 

weu+ weu+ 4:7: 2 [I mw) 2 

Therefore we obtain (5). 

Theorem 2. Let g is holomorphic function of n+ and g e ff°°(n+). 
(a) Jg : if^(n+) i?oo(n+) is compact, then 



where it is understood that if {z : Imz < r} is empty for some r > 0, the 
supremum is equal to zero. 

Proof.(a) Suppose that Jg : i/^(n+) — )■ i?oo(n+) is compact and (7) does 
not hold. Then there exists a positive number S and a sequence {-^njneN in n+ 
such that Imzn — > and 




(7) 



(b) Ig : i/'^(n+) Boo(n+) is compact, then 




(8) 



{Imzn)^\g'izn) \ >S, n e N. 



Choose 



and let = Wn,then fn is norm bounded in if^(n+) and /n — > uniformly on 
compacts of 11+ as ImZn 0. By Lemma 2 it follows that a subsequence of 
{Jgfn} tends to in B^{Il+). On the other hand, 

1 1 S 

ll<^s/||Soc(n+) > ImWn\fn{Wn)g'{uJn)\ = ^ (/mW„) 2 | = — , 

which is a contradiction. 

(b) Suppose that Ig : i?^(n+) — > Soo(n+) is compact and (8) does not hold. 
Then there exists a positive number 5 and a sequence {zn}ne^ n+ such that 
ImZn — > and 

(ImZn) 2 

Choose (9) and let z^ — w^, we obtain 

||/9/||s„o(n+) > ImWn\fn{Wn)g{Wn)\ = = 

which is a contradiction. 

Theorem 3. Letg is holomorphic function of 11+ ,g G i/°°(n+) and Jg : 
if^(n+) i?oo(n+) is bounded. Suppose that g G i?oo(n+). Then 

(a) Jg : if^(n+) ^ 5oo(n+) is compact if 



lim sup(/m2;) 2 | = 0. (10) 
(b) Ig : i/2(n+) ^ Soo(n+) is compact if 

linisup^^^ = 0. (11) 
r-^o (Imz) 2 

Proof, (a) Assume that (10) holds. Then for every e > 0, there exists an 
Ml > such that 

sup{Imz)^\g'{z)\ < e, whenever Imz < Mi. (12) 

y<r 

Assume {/njneN is a sequence in iJ^(n+) such that sup^gj!^ ||/n||//2(n_,.) < M and 
fn ^ uniformly on compacts of 11+ as n — >■ 00. Thus for z G n+,such that 
Imz < Ml and each n G N, we have 

Imz\fn{z)g'{z)\ < C{Imz)^g'{z)\\\f4HHu+) < eCM. (13) 
By (3), we have 

(Imz) 2 (Imz) 2 

5 



Thus there is an M2 > Mi such that 

\fn{z)\ < e, Whenever Imz > M2. 

Hence for 2; e 11+ such that Imz > M2,and each n e N, we have 

{Imz)\fn{z)g\z)\ < e||sf||Boo(n+). (14) 

If Ml < Imz < M2, then by Lemma 2, there exists an M3 > such that 

|/„(2;)| < e, whenever\Rz\ > M3. 

Therefore, for each n e N, when \Rz\ > M3, we have 

Imz\fn{z)g'{z)\ < e\\g\\B<^(n+)- (15) 

If Ml < Imz < M2 and \Rz\ < M3, then there exists some Hq G N such that 
1/0(2;) I < e for all n>no and so 



JM^)\ = I / fniOg'iOdCl < , , max \fn{C)\m - 9{zo)\ (17) 



as n — >■ 00. 

Combining (12)-(17), we have|| Jp/„||B^(n_,_) < eC, for n > no and some 
C > 0. Thus by Lemma l,Jg : if^(n+) Boo(n+) is compact. 
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